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Resume. Soient X etY deux varietes complexes projectives et lisses de dimension n > 2 et 
soit / : y — > X un revetement abelien totalement ramifie. Alors I'application f^, : tti{Y) T^iiX) 
est surjective et donne une extension centrale: 

^ K ^ 7ri{Y) ^ TTi{X) ^ I (1) 

ou K est un group e fini. 

Nous montrons comment le noyau K et la classe de cohomologie c(/) G H'^{tti{X), K) de 
(|l]) peuvent etre calcules en termes de classes de Chern des composantes du diviseur critique de 
/ et des sous-faisceaux inversibles de /*Oy stables sous Taction du groupe de Galois. 

Abstract. Let X, Y be smooth complex projective varieties of dimension n > 2 and let 
/ : y — > X be a totally ramified abelian cover. Then the map /=„ : tti{Y) T^iiX) is surjective 
and gives rise to a central extension: 

O^i^ ^7ri(y) ^ 1 (2) 

where is a finite group. 

Here we show how the kernel K and the cohomology class c(/) G H'^{7ri{X), K) of (§) can 
be computed in terms of the Chern classes of the components of the branch divisor of / and of 
the eigensheaves of f^Oy under the action of the Galois group. 

1 Introduction. 

This work generalizes a result of Catanese and the second author, who analyze in [pT| the 
fundamental group of a special type of covering f -.Y ^ X, with Galois group (Z/mZ)^, of a 
complex smooth projective surface X, the so-called "m-th root extraction" of a divisor D on X. 

By means of standard topological methods, the fundamental group vri(y) can be described 
in that case as a central extension of the group tti{X), as follows: 

0^Z/rZ^7ri(y)-^7ri(X)^l, (3) 

r being a divisor of m which depends only on the divisibility of tt*{D) in H'^(X,Z), where 
TT : AT — > X is the universal covering of X. 



The main result of [CT| (see Thm.2.16) is that the group cohomology class corresponding 
to the extension (^) can be explicitly computed in terms of the first Chern class of D. 

This is an instance of a more general philosophy: in principle, it should be possible to recover 
all the information about an abelian cover f -.Y ^ X from the "building data" of the cover, 
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i.e., from the Galois group G, the components of the branch locus, the inertia subgroups and 
the eigensheaves of f^Oy under the natural action of G (see section 2 or |Pa| for more details). 



Actually, the description of the general abelian cover given in [lPa[| enables us to treat (under 
some mild assumptions on the components Di, . . . Dj. of the branch locus) the case of any totally 
ramified abelian covering f -.Y ^ X, with X a complex projective variety of dimension at least 
2 (cf. section 2 for the definition of a totally ramified abelian cover). 



Using the same methods as in |CT|, we show that tti(Y) is a central extension as before: 



O^i^ ^7ri(y) ^7ri(X) ^1, (4) 

where K is a finite abelian group which is determined by the building data of the cover and the 
cohomology classes of it*{Di), . . . -K*{Dk) (cf. Prop. |3.2D . 

Consistently with the above "philosophy", a statement analogous to Thm.2.16 of |CT] actu- 



ally holds in the general case: our main result (Thm.U, Rem.|]|) can be summarized by saying 
that the class of the extension ^ can be recovered from the Chern classes of the Dj^s and of the 
eigensheaves of f^tOy] in some special case, this relation can be described in a particularly simple 



way (Thm.^^, Cor.O, Rem.[lq). Moreover, one can construct examples of not homeomorphic 



varieties realized as covers of a projective variety X with the same Galois group, branch locus 



and inertia subgroups (cf. Rem . [4. 5]) . 

The idea of the proof is to exploit a natural representation of T^iiY) on a vector bundle on the 
universal covering X of X and the spectral sequence describing the cohomology of a quotient, in 
order to relate the group cohomology class of the extension (Q) to the geometry of the covering. 
These are basically the same ingredients as in the proof of [^, but we think that we have 
reached here a more conceptual and clearer understanding of the argument. 
Acknowledgements: we wish to express our heartfelt thanks to Fabrizio Catanese, who sug- 
gested that the result of |CT| was susceptible of generalization and encouraged us to investigate 
this problem. 



2 A brief review of abelian covers. 

In this section we set the notation and, for the reader's convenience, we collect here the 
definitions and the notions concerning abelian covers that will be needed later. For further 



details and proofs, we refer to |Pa|, sections 1 and 2. 

Let X, Y be complex algebraic varieties of dimension at least 2, smooth and projective, and 
let / : y — > X be a finite abelian cover, i.e. a Galois cover with finite abelian Galois group G. 

The bundle f^{Oy) splits as a sum of one dimensional eigensheaves under the action of G, 
so that one has: 

UOy) = ^L-^^ = Ox®{ L-1) (5) 

xeG* XGG*\{1} 

where G* denotes the group of characters of G and G acts on via the character y. 

We warn the reader that the notation here and in the next section is dual to the one adopted 



in [Pa]; however this does not affect the formulas quoted from there. 

Under our assumptions, the ramification locus of / is a divisor. Let Di,...Dk be the 
irreducible components of the branch locus D and let Rj = f~^(Dj), j = 1, . . . k. For every 
j = 1, . . . k, one defines the inertia subgroup Gj = {g £ G\g{y) = y for each y £ Rj}. Given any 
point yo G Rj, one obtains a natural representation of Gj on the normal space to Rj at yo by 
taking differentials. The corresponding character, that we denote by ij^j, is independent of the 
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choice of the point i/q G Rj. By standard results, the subgroup Gj is cychc and the character ■0j 
generates the group G| of the characters of Gj . We denote by mj the order of Gj , by m the least 

common multiple of the m^-'s and by gj the generator of Gj such that ipj{gj) = exp{^^^^^) . 

In what follows we will always assume that the cover / : y ^ X is totally ramified, i.e., that 
the subgroups Gj generate G; then the group of characters G* injects in 0j=i G*j and every 
X G G* may be written uniquely as: 

k 

X = Y1 "xj V'j, < a^j < rrij for every j . (6) 

i=i 

In particular, let xij---Xn £ G* be such that G* is the direct sum of the cyclic subgroups 
generated by the x's, and let di be the order of Xi, ^ = 1; • • • n. Write: 

it 

Xi = CLij ijjj , 0<aij<mj, i=l,...n. (7) 



Then one has ( |Pa| , Prop.2.1): 

d^L^.^T.^D, i = l,...n (8) 
the corresponding isomorphism of line bundles being induced by multiplication in the Ox-algebra 



f^Oy- More generally, if x = J27=i ^x,iXi^ with < h-^^^t < diM i, one has (|Pa|, Prop.2.1): 



Lx^jZKiLx.-jl^TjDj. (9) 

i=i j=i 

where qj is the integral part of the rational number J27=i ~^^~^) J — 1, • • ■ fc. 

Equations are the characteristic relations of an abelian cover. Actually, since X is 
complete, for assigned G, Dj, Gj, ipj, j = 1, . . . k, to each set of line bundles L^-, i = 1, . . . n, 
satisfying (^) there corresponds a unique, up to isomorphism, G-cover of X, branched on the 
Dj^s and such that Gj is the inertia subgroup of Dj and ipj is the corresponding character ( |^] , 
Thm.2.1). Moreover, the cover is actually smooth under suitable assumptions on the building 
data. 



3 The fundamental group and the universal covering of Y. 

We keep the notation introduced in the previous section. 



Definition 3.1 ((MM], pag.218) A smooth divisor A on a variety X is called flexible if there 



exists a smooth divisor A' = A such that A' n A 7^ and A and A' meet transversely. 



We recall that a flexible divisor on a projective surface is connected (see [jCaU , Remark 1.5). 
Hence, by considering a general linear section, one deduces easily that a flexible divisor on a 
projective variety of dimension > 2 is connected. 

Proposition 3.2 Let X, Y he smooth projective varieties over C of dimension n at least 2. Let 
f -.Y ^ X he a totally ramified abelian cover branched on irreducible, flexible and ample divisors 
{-Dj}j=i,...fc. Then: 
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a) The natural map : tti{Y) 7ri(X) is surjective. 

b) Let K = ker{f^:); then K is finite and 

>K >TTl{Y) >TTl{X) — ^1. (10) 

is a central group extension. 



c) Let vr : X — > X be the universal covering of X and D = ir ^{D); then Dj = vr ^{Dj) 
is connected, j = 1, ... A;. Denote by H\ the cohomology with compact supports and by 
p : El'^~'^(X) li1"-~'^{p) = ZDj the restriction map. Finally, let a be the map 

defined by: 



(11) 

Then N = ker(0 Gj — > G) contains Im(cj o p) and K is isomorphic to the quotient group 
A^/Im(cj o p). 

Proof, a) and the fact that the extension ( |To| ) is central can be proven exactly as in |Ca|, 
Thm.1.6 and in [|CT[, Lemma 2.1. 



For the proof of c) (that implies that K is finite), we refer the reader to |Ca], Prop. 1.8 and 
to |CT| , proof of Thm.2.16, Step I. One only has to notice that, by Lefschetz theorem (cf. ||Bc|] , 
Cor. of Thm.l), 7ri{Dj) surjects onto 7ri(X), hence Dj = 7r~^{Dj) is connected and smooth for 
every j = 1, . . . k. ■ 



Remark 3.3 a) From Prop. |3^ c), it follows in particular that the kernel K of the surjec- 
tion /=„ : vri(y) t^i^X) does not depend on the choice of the solution Ly. of (§), once G, 
the 5j's and the class of the -Dj's in H^(X, Z/m^Z), j = 1, ... A;, are fixed. 



b) If / : y ^ X is an abelian cover as in the hypotheses of Prop. 3.2, then H^{Y,Oy) - 
Hi{X, Ox) by (^) and the Kodaira Vanishing Theorem. Moreover, according to Prop. 3.2 
a) the map : Hi{Y,Z) — > Hi{X,Z) is surjective; thus the map /* : alb(Y) alb{X) 
between the Albanese varieties is an isomorphism. 



Proposition 3.4 In the same hypotheses as in Prop. 3. i, let q '.Y ^Y be the universal cover 



of Y and let f :Y^X be the map lifting f : Y ^ X. Then f is a totally ramified abelian 



cover of X with group G = (0?^=i Gj)/Im(o" o p), branched on D. 



Proof. By diagram chasing, it is easy to show that 'Ki{X \ D) is isomorphic to the kernel 
V of the surjection 7ri{X \ Z?) — > tti{X) induced by the inclusion X \ D C X . Since the Dj's 
are flexible, one proves as in ( [|CT| , Lemma 2.1) that V is an abelian group. It follows that / , 
being branched on D, is an abelian cover. 

Consider now the fiber product y' of / : y ^ X and vr : X ^ X, with the natural maps 
f':Y'^X and q' -.Y' ^ Y; f is a G-cover ramified on D and q' is unramified. According 
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to Prop j3.2| , b), the universal covering q -.Y Y of Y factors as q = q' o q", for a suitable 
unramified cover q" '.Y ^ Y' with group giving a commutative diagram as follows: 



Y 



Y' 



/ /' 



Y 



X 



X 



(12) 



In particular, K = t:i{Y') and / 
extension: 



f o q" . Hence, the Galois group G of / is given as an 







K 



G 



G 







(13) 



Moreover, if one denotes by Gj the inertia subgroup of Dj with respect to / , then Gj maps 
isomorphically onto Gj for every j = 1, . . . k. The isomorphism G = (0 Gj)/lm{a o p) can be 



obtained by computing the fundamental group of Y as in [CT|, proof of Thm.2.16. 



The following lemma will be used in the next section. 
Lemma 3.5 Consider the subgroups tti{Y) and G of Aut(Y); then one has: 

(39 = 9^ V^G G,V/3G7ri(y). (14) 

Proof. Since the cover / is totally ramified, it is enough to show that all the elements of 
7ri(y) commute with gj, j = 1, . . . k. 

Let (3 G 7ri(y) and fix j = 1, . . . k. We remark firstly that j3gj(5~^ is actually an element 
of G C AutiY). In fact, consider the classes represented by (3gj and gjj3 modulo K: they do 
coincide as automorphisms of y' C y x X, since the group G x ■ki{X) acts there via the natural 
action on the components. So, Pgjl3~^gJ^ € K and Pgjf3^^ G gjK C G, as desired. 

By diagram we have Rj = J'^{Dj) = q'^{Rj) V j = 1, . . . fc. Since Rj = f'^{D.j) is 



ample and connected, the same argument as in the proof of Lemma 3.2, c) shows that Rj is 



connected. So, (3Rj = Rj and (3gj(3 ^ fixes Rj pointwise, namely j3gjj3 ^ G Gj 



Finally, recalling the definition of the character ipj G G*j introduced in section 2, one checks 
immediately that ipj{Pgjf3~^) = ipj{gj). The conclusion now follows from the faithfulness of ipj. 



4 Computing the cohomology class of the central extension 

K 7Ti{Y) 7Ti{X) 1. 

We keep the notation and the assumptions introduced in the previous sections, unless the 
contrary is explicitly stated. We need two technical Lemmas in order to state the main result 
of this paper. 

Lemma 4.1 Let 7i be a finite abelian group and C,i,. . .Q^a G 7i be such that 7i = ®jLi < Cj > 
is the direct sum of the cyclic subgroups generated by (j, j=l, . . . m; denote by hj the order of 
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(j. Let p G Z be a prime and Hp be the p-torsion subgroup ofH. Let Xit ■ -Xt S Hp such that 
< XI7 ■ ■ - Xt >= 0i=i < Xi >■ Finally, let di be the order of Xi cind write Xi = J2j=i ^ijCj ^'''^^ 



< Oij < hj. 



Then, V xi, . . . G Z and V 7 > 1, the system: 



^ d a 

Sj = Xj modp'^ i=l,...t (15) 

j=i ^• 



admits a solution (si, . . . Sm) G Z 



m 



Proof. We set Cij = and, for x G Z, we denote by x the class of x in 7a /pZ. We 
proceed by induction on 7. 

Let 7 = 1. We show that the matrix (cj-,) has rank t. 
Let yi, ■ ■ ■ Vm ^ Z and assume that: 



This imphes that: 



so that: 



^Cijyi = Vj = l,...m. (16) 



^Cijyi = modp Vj = l,...m (17) 



i=l 



E— ?^ e Z Vj = l,...m. (18) 



Recalhng that p divides di Vi, we deduce that: 



E ) = mod hj y j = 1, . . . m , (19) 



i=l 



P 



so that J2i ^^^Xi is the zero element in H. By the hypothesis on the Xi'S; it follows that: 

Vidi 



moddi (20) 
P 

and finally: 

yi = modp (21) 

showing, as desired, that the rows of the matrix (cij) are linearly independent over Z/pZ. 

Let now 7 > 1 and assume by inductive hypothesis that (si, . . . Sm) S Z"^ is a solution of the 
system (p^). 

We set s^- = Sj + Jjp'^ and we look for a suitable choice of the integers 6j. We have: 

J2j CijSj = J2j CijSj + p'^ J2j (^ij^j ^22) 
= Xi+ p'^yi + p^ Cij6j 3yi e Z, 

so that: 

^djs'j = Xi modp'^"^^ ^Cij5j = -yi modp (23) 

j j 
and the latter system has a solution, by the case 7 = 1. This conclude the proof. ■ 

We come back to the study of the cover /: 
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Lemma 4.2 Let A he the subgroup of Pic{X) generated by Di, . . .D^ and L^, x S G*. Then 
there exist Mi,...Mg £ Pic{X) such that A = < Mi > and 



(24) 



where C = {cji) is a matrix with integral coefficients such that each column (c,7),=i....fc represents 



an 



element of N = ker Gj G) 



Proof. A is a finitely generated abelian group, so one can write A = F ^T, where T is 
the torsion part of A and F is free. 

Denote by a set of free generators of F and by a set of generators of T such that 
T = < ry/ > and the order o{r]i) of r]i is the power of a prime, V/. Let finally Xi be generators 
of G* such that G* = 0"=i < Xi > and the order o{xi) of Xi is the power of a prime, Vz. 

One can write: 

= H ^iiVi + -^'^i^i \fi = l,...n, (25) 
I I 

Dj = Ycjir]i + Ycji^i yj = l,...k, (26) 
I I 

where the coefficients A^^ and c'ji are uniquely determined, whereas Xu and cji are determined 
only up to a multiple of o{rji). 

We can apply the analysis of section 2 to the cover /. We write Xi = J2^=i O'ij'^j ^ with 
< aij < ruj, and we set di = o{xi) iii the previous Lemma; the equations (^) become here: 

d^L^.^^:^D, ^ = l,...n, (27) 

so that we must have: 



• 1 



dia 



d.Ki = Y.^'^'ji i = l,...n, (28) 



1 iT^i 



showing that (0^7)^=1,. ..fc represents an element of A^, V/: in fact, by duality, (ti,...,tfc) G 
represents an element of N if and only if it satisfies the relations: 



y^ti G Z yi = l,...n. (29) 

j=i J 

For the coefficients of the torsion part, we have: 
so that: 



. nij 



djtt 



diKi = ^ ^-^ mod o(r/i) . (31) 



■j=i J 
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We fix an index /. Let p be a prime such that o{r]i) = p°'. We want to show that, for a 
suitable choice of the Cji, the following relation holds Vi = 1, . . . n: 



a,- a 



diXii = ^ Cji moddj . (32) 



1 "^7 



Let Xi be a generator such that di = mod p and set di = By (|3lD, it is enough to consider 
the case in which a < 

Setting cfji = Cji +p°^Sj and recalling (^), one has: 



for a suitable choice of integers Xj. One concludes that the relation p^ ) holds if and only if: 

y^.=Xi modp"'-". (34) 



Let (3 = maxjoj — ajj. The system of congruences: 



E-^—^ Sj = Xi modn^ Vi such that = mod p (35) 



■ 1 "^7 



admits a solution by Lemma 4J. So, we can assume that the coefficients (cj;)j=i....fc in (|26 
satisfy (32) for every i such that d j = mod p. 

To complete the proof, let 7 be an integer ^ 0; we can still modify the coefficients as 
c"-i = Cji +p^tj. It is enough to notice that, setting d = Icmjdj | ^ mod p}, then d and p 
are coprime and the system of congruences: 

Cji+p''tj = Q modd Vj (36) 

admits a solution. So we can assume that c"-i = mod d, and the proof is complete. ■ 

To any decomposition (41) as in Lemma |4.2| , we associate a cohomology class in H'^{X, K): 



Definition 4.3 Given a decomposition as in Lemma ^A, consider the map: 

(Xl, . . . Xq) ^ Y4=l ^l^l = (I^Ll XlCjl)j = i^,„k 



(37) 



and denote by Q : Z'^ ^ K its composition with the projection N ^ K (cf. Prop \3^ c)). Then, 
set: 

C = e,([Mi],...[M,]), (38) 

where 6* : H'^{X, Z'^) = 0'^ H'^{X, Z) H'^{X, K) is the map induced in cohomology by 6 and 
[M] is the Chern class of a divisor M on X . 
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We briefly recall some facts about quotients by a properly discontinuous group action (see 
for instance ]Mr( |, Appendix to section 1, |Gr|, ch. 5). 

Let X be a simply connected variety, let F be a group acting properly and discontinuously 
on X and let p : X ^ X = X /T he the projection onto the quotient. Consider the following two 
functors: 

M ^ , forMaT-module 

H^{X,p*J^), for^alocally const ant sheaf on X . 

The spectral sequence associated to the functor F o H yields in this case the exact sequence of 
cohomology group: 

— > H'^{T,H^{X,p*J^)) — > H^{X,J^) — > H^{X,p*Tf (39) 

that will be used several times in the following and it is natural with respect to the sheaf maps 
on X. 

Theorem 4.4 Let X, Y he smooth projective varieties over C of dimension at least 2. Let 
f -.Y ^ X be a totally ramified finite abelian cover branched on a divisor with flexible and ample 
components {-Dj}j=i^,..fc. According to Prop ^^ , b), the map f induces a central extension: 

— >K — > Tri{Y) ^ Tri{X) — >1 (40) 
Denote by c{f) € H'^{tti{X), K) CH'^(^X,K) the cohomology class classifying the extension 

Let: 

Di\ f Ml 

\ \ ^ C\ \ (41) 



be a decomposition as in Lemma 4-^ o,nd let ^ € H'^{X,K) be the class defined in Def.4-S. 
In this notation, one has: 

c{f) = (42) 
in particular, the class ^ does not depend on the chosen decomposition. 

Proof. It is enough to show that ^ and c(/) admit cohomologous representatives. This can 
be done in three steps. 

Step I: we compute a cocycle representing c(/) G H'^{X,K). 

We start by choosing suitable trivializations of the line bundles that appear in the compu- 
tation. 

Set r = 7ri{X) and T = vri(y). Let {Ur} be a sufficiently fine cover of X such that F acts 
transitively on the set of connected components of n~^{Ur), V r. If we fix a component Vr of 
Tr~^{Ur), then 7r~^(C/r.) = U-^er7(K'); for every 7 G L we write: 

liVr) = Vr.^r) (43) 



and, in particular: V(i = Vr- 

Such a covering has the following properties: 
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a) For every (r, s) such that Ur nUg ^ 0, there exists a unique element (3{r, s) £ T such that: 

V(l,r) n V^/3ir,s),s) + • (44) 

b) If Ur nUs ^ 0, then and V(-y/3(r,s),s) have nonempty intersection. 

c) Since vr is a local homeomorphism, if Ur nUg CiUt ^ 0, then: 

/ ■l^(/3(r,s),s)ny(^(^,t),t). (45) 

Hence the following relation is satisfied for every Ur CiUs CiUt ^ 0: 

P{r,t)=P{r,s)P{s,t) . (46) 

In particular: (i{s,r) = f3{r,s)~^. 
For later use, we set: 

^{a,r,s) = «(^(l,r) ^ ^(/3(r,s),s)) = ^(a,r) 1^ ^(a/3(r,s),s) (47) 

for every a £ T and for every (r, s) such that n C/^ 7^ • 

For every r and for every j = 1, . . .k, we choose a local generator w-j. for Ox{—Dj) on 
(we ask that li;^ is a local equation for Dj) and for every pair (r, s) such that Ur riUg ^ f/> we 
write: 

wl = kl^^^^wi onUrHUs. (48) 

Now we apply to / : y — > X the analysis of section 2 , most of which can be easily extended 
to the case of analytic spaces. One has: 

7,(O^)=0Lri (49) 

xeG* 

Each element of the group G can be interpreted as an automorphism of the sheaf /^(Oy). 
In particular, by duality, the elements of K <Z G are characterized by the property that they 
induce the identity on the subsheaf for every x S G* G*. 

Let xit ■ ■ Xh & G* he such that G* is isomorphic to the direct sum of the cyclic subgroups 
generated by the Xi's, and let di be the order of Xii i = ■ ■ h. Let Di be the inverse image of 
Di via the universal covering map tt : X ^ X, as before. If Xi = Y^^=i ^ijil^j, with < dij < mj, 
the system (|8|) yields in this case: 

d^L^.^j:^D, ^ = l,...h. (50) 
j=i j 

So it is possible to choose local generators for L^.^ on V(Q,,r) such that for every a E F and 
for every pair (r, s) with Ur Ci Ug ^ ^ one has: 

J k dj^ij 

i^Ur)) " = n (^0 ■ 

i=i 
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Writing: 

^{a,r) = ^\a,r,s) ^lal3{r,s),s) 0'^^{a,r,s) (52) 

we have: 

and the cocycle condition for /i^Q,^^), that will be often used later on, yields the relation: 

1 = Ha,r,s) h\a(3ir,s),s,t) ^(a/3(r,i),i,r) VaGr,Vi,Vr,S,t with H H / 0. (54) 

We observe that the generator is determined by (|5l| ) only up to a constant of the 

form exp2Tr\/ —1 (u^^ '^ith € Z. Moreover, according to (|9|), every choice of local 

generators for C'x( 
y X £ G**) by the rule: 



generators for Ox{—Dj) and -z^^, for L-^^ induces a choice of local generators for L^^, 



h 



zt. „^ = n (4,r)) n ^O'"^ if X = E ^x,a^, < 6^,, < J, . (55) 



where denotes the integral part of the real number Y^^=i ^x.*'^*i- 

Let now xi, . . . x„ be a set of generators for G* such that G* is the direct sum of the cyclic 
subgroups generated by the Xd's and the order of Xv is a power of a prime number, v = 1, . . .n. 
We recall that G* C G* and, Vx S G*, the corresponding eigensheaf L^^ is a pullback from X. 
We write Xv = Z^iLi ^mXi G G* (0 < hm < di) and = gj; the corresponding local generator 
for L~J chosen in ( |55| ) is: 

/i A: 

^(a,.) = n n (^^)"''^" ; (56) 

i=l i=l 

we show that, for a suitable choice of the -S^^^,^, we can assume that the expression in ( pBD is 
independent from a. In fact, using the characteristic equations of the cover /, one can choose a 
local base of on y(a,r) that does not depend on a and satisfies the relation: 

k a^jdv 

iv:)'^ = n (^0 ^ ■ (5^) 

Since X^iLi = qjirij + a^j V j = 1, . . . k, the two local generators and on V^^^ 

differ by a d^j-th root of unity, that we denote by exp{2Try/ —1 (x^^ ^^/d^)). If we multiply ^(q, ^-j 

by exp{2-Ky/^{u^^^^^^/di)), then (X('„^^)/4) becomes (x^'^ ,,)/d^,) + ELi(^«/'^i) «(„,r)- Hence, we 
only need to solve the linear system of congruences, V (a, r): 

E ^^'"(a,r) = 2;^a,r) 4 = 1, . . . n; (58) 

j=i 

since we assume that dv is a power of a prime number, this system admits a solution according 



to the Chinese Remainder's Theorem and Lemma 4.1 
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So we can assume that the expression in (|5g) does not depend on a and it is the 

pullback of a local generator of the corresponding eigensheaf on X: we write — ^\ol r) * 
later use, we define the corresponding cocycle hj^ g-^ {v = 1, . . . n) by the rule: 

z"; = hj^^g^z^g on UrH Us (59) 

and we observe that, according to (^), the following relation holds: 

K,s/^ = I[iKr,s))^ ifx. = E«^iV',' 0<a,,<m,. (60) 



In order to compute the class of the extension ([40D, for every 7 S T we choose a lifting 
7 G r. By Lemma 3^, the induced map 7* : /^Oy — > /*Cy is a O^-algebra isomorphism 
lifting 7 : X ^ X; in terms of the chosen trivializations we may write: 

^la,r) ^ ^'{a,rfha,r) V7, a G T, i = 1, . . . /l (61) 

(a,r) 

L rel; 

that Us r\ Ut ^ 9 and let a, 7 G F; then, for i = 1, . . . /i: 

^'{Zs)H^a,s,t) = ^'{2f3{s,t),t) (^(a,s,t) ° 7^^) On ^(^a,,,*). (62) 

We now exploit the action of the chosen elements in T on f ^.Oy in order to compute the 
class c(/) G H'^{T,K) associated to the extension (^0|), and its image c(/) G H'^{X,K). 

For any given (5, 7 G F, the action of ((57)~^5*7=i, on i = 1, . . . /i, is described with respect 
to the chosen trivializations by: 



for a suitable choice of a dj-th root of unity c^^^), i = 1, . . . /i. 

For later use, we write down the transition relations for the constants c^^^j- Let s, t be such 



z. 



(a,r) 



['^tr))'' %a,r)^i2,rAa,r) Vr, Va G F, Z = 1, . . . h. (63) 



Since ( pSj) represents a line bundle automorphism given by a root of the unity, the expression 
does not depend on (a, r) by the connectedness of X: therefore, we may set a = 1. So, the class 
c(/) G H^{T, K) is represented by the cocycle: 

c(/)(5,7) = ((-;f.]T'<)";v)). (64) 



where an element of iiT C G is represented by its coordinates with respect to the basis dual to 
{Xi, • ■■Xh]- 

According to ( [[Mu| , page 23), the class c(/) G H^{X,K) is represented on V(i,r,s) ^ ^(i,r,t) 
by the cocycle: 



V / i=l,...h 

for r, s, t such that C4 Pi f/^ n C/t / 0. 
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We set p = t and, by the relation (|62|), we rewrite (|65|) as follows: 

^ ' i=l,...h 



this shows that c{f)r^s,t differs from the following cocycle (that we still denote by c{f)r,s,t by 
abuse of notation): 

c{f)r,s,t = (h\pir,sUt) {h\i,s,t) o r)) (67) 
by the coboundary of the cochain: 

= W5r")„..... ■ 

The cochain Qr^t actually takes values in K: in fact, it is enough to check g^^t acts trivially on 
the eigensheaves corresponding to the chosen generators Xv of G* . This follows easily by the 

prevous choices since the action of f3{r,t) on L^J is given locally by OiLi ('^(i^i)^'*^) 
Step II: we compute a cocycle representing ^ G H^[X,K). 

For every r and for every / = 1, . . . g, we choose a local generator yl for Ox{—Mi) on f/^; if 
Ml has finite order e, then we require: 

(yr)' = i- (69) 
We set m = 1cm {mj}j=i^..jc. For every pair of indices (r, s) such that Ur nUg ^ 9 we write: 

yi = fj-\r,s)yi onC/,n[/, (70) 

and we choose a m-th root A(rs) /^(rs) ™ such a way that /i'^, = (A(rs))~^- Then, as in 
|CT| , (2.45), one sees that the image of the class of — M; in H^{X,Zi/miZ) is represented on 

Ur nUsn Ut by the cocycle ( /i^^ s)/^(s t) (/^(r t))~ ) , I = I, . . . q. We conclude that the class 
^ = e*([Mi], . . . [Af,^]) is represented on Ur DUsDUt by: 

\i=l^=l ) i=l,...h 

Step III: we show that ^ = c(/). 

We remark that, according to (|4l|) , the cocycle ^(^g) in dH) representing Ox{—Dj) {j = 
1, . . . k) and the cocycles ^-^ representing — M; (/ = 1, . . . g) are related as follows: 

for suitable nowhere vanishing holomorphic functions fr on C/f For every j = 1, . . . k and every 
r, we choose a m-th root of on then, the expression: 

^(r,.) = 1_1 I -p I (73) 
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is a nij-th root of the cocycle ^(^g) and, as before, the product 11^=1 ( A(r s)A{<s t)A(t -r) ) 

yields a cocycle representing the image of the class of —Dj in H^{X, Z/m^Z). In this notation, 

by (p^), we rewrite as follows the cocycle in ([7l|) representing the class ^: 



k 

Hj 



Let e = exp(^^^^^). Then, by (|5^), one has: 



U-i / 1=1, 



= n(^;.,.))'^^-^"'^--^ (75) 

where Q^^^g) is an integer, multiple of m/di, and (^) may be rewritten as: 

c(/)r,s,t = (e'(i-'')"'(^('--)--*')i=i,...h . (76) 
From the cocycle condition (|5^ ) for ^(^j.^^, it follows: 

^^..j. = (e-'?(<....s)-''(o,3M.'>.t)-''(«/3(r.t),t.o).^^_^^,^ Vr,s,f,Va € T. (77) 
In particular, for a = 1, one gets: 

^^_g^^ = (g-''(l,r,.)-''(0(r,s),s,t)-9(/3(r,t),t,r)).^^^^^^^ . (78) 

So, one has: 

c(/)r,.,i = er,«,t(e''(i''-'=)^'(^--*)^'(«'-'')'*''-))i=i,.../. • (79) 
By the definition of (/(q,,, g), this equality can be rewritten as follows: 

C{f)r,s,t = er,.,t(e'(^-'--^)"'(^-'-^*''''(^--*')i=l,...h . (80) 

To complete the proof of the theorem, we show that we can choose the m-th root / j of fj 
(j = 1, . . . A;) so that: 



£.(l,r,s) 



£ is an element of K, V(r, s). (81) 



i=l,...h 



Let Xv one of the chosen generators of G*. According to (jSq), ( pOD and (|75D, the action of (7^,^ ^ 

on is given by a d^-th root of unity, that we denote by exp{2TT\/^^ |^) (for a suitable integer 
Xjj). We want to show that we can assume that = mod d^, v = 1, . . . n. 
We observe that: 



h k 



exp{27rV^^) = n = ihl,^r,s)r' IliHr^s)^^ (82) 



=1 j=i 
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and we compute the right-hand side of (^). By (|73|), one must have: 



.7 = 1 



= ea:p(-2^V^|^)nLi(/iUr 



j \ a^j{m/mj) 



(83) 



j \ a,yj{m, /rrij ) 



On the other hand, as in Lemma 4^, we write = X^jLi ^t;/^; ^-^d we get the fohowing 
relation form of cocycles on V(^i^r,s)- 



(84) 



for suitable nowhere vanishing holomorphic functions ip^ on Ur- According to Lemma 4.1 and 
to (^), we can then assume that in the previous equations one has: 
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ri 

1=1 



n(/^(r-,s)) 



— dvXyl 



1 



(85) 



so that one gets: 



exp(27r./^f^) = n Kl 



ayj{m/ rrtj ) 



We observe that we may assume that: 



(86) 



i=i 



3 \ayj{m/mj) 



(87) 



for suitable integers tl^; hence the equation (ISq) gives: 



If we replace by exp(27r\/— 1 ^)fi, then is replaced hy ^ + J2 



Therefore, we 



need to solve the system: 



mod (i„ 



V = 1, . . . n. 



j = l J 



(89) 



Since this is possible according to Lemma 4.1 and the Chinese Remainder's Theorem, the proof 
is complete. ■ 



Remark 4.5 The cohomology class of the extension of the fundamental groups depends on 
the choice of the solution {L^} of the characteristic relations (Qj for the covering f . Moreover, 
covers corresponding to different solutions {L^} may not be homeomorphic. 

This is shown, for instance, by the following class of examples. Denote by Cj the standard 
generators of the group (Z/4Z)^ and let G be the quotient of (Z/4Z)^ by the subgroup generated 
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by 2ei + 2e2 + 263. Let now X be a smooth projective surface such that H'^{'iri(X), Z/2Z) 7^ 
and Pic(X) has a 2-torsion element rj whose class in H^{X, Z/2Z) is non zero. Fix a very ample 
divisor H on X and choose suitable divisors -Dj (z = 1, 2, 3) such that Dj = AH and the Dj's are 
in general position. Then there exists a smooth abelian G-cover f -.Y ^ X ramified on the DiS 
{i = 1, 2, 3), with inertia subgroup Gi =< Cj >= Z/4Z and character ipi dual to Cj, respectively. 
In fact, taking the characters Xi = '01 + S'i/'S) X2 = "02 + 3-03, Xs = ^V's as generators of G*, the 
characteristic relations (^) of the cover / are: 

Di + 3D3 

D2 + 3D3 (90) 
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and admit, in particular, the solution Li = L2 = = 2H. Under these hypotheses, -L3 
generates the subgroup < Di,L^ > (i = 1,2,3, x £ G*) of Pic(X) and the decomposition 



Di = 2L3 has the properties requested in Prop. 4.2. According to Prop. 3.2 and Thm.4.4, since 



the pull back Di of Di under the universal cover X of X is 2-divisible, Vi, then the map / 
induces a central extension of the form: 

^ Z/2Z ^ 7ri(y) ^ 7ri(X) ^ 1 (91) 

and the cohomology class of this extension in i?^(7ri(X), Z/2Z) C i/^(X, Z/2Z) is the image 
( [-L3] ) of the Chern class of -L3 under the map induced in cohomology by the standard pro- 
jection ^' : Z ^ Z/2Z: so, this class is trivial. 

Let now Y be the G-cover of X corresponding to the solution Li = 2H + r] (i = 1,2,3) of 
(|90|); in this case the cohomology class describing vri(y) is given by ^'^([Ls + 77]) and, by the 
hypotheses made, it is not trivial. 

In particular, when X is a projective variety with vri(X) = Z/2Z, the previous construction 
yields two non homeomorphic G-covers Y, Y of X, branched on the same divisor, with the same 
inertia subgroups and characters, such that: 

7ri(y) = {Z/2Zf 7ri(F) = Z/4Z . (92) 



The following theorem is an attempt to determine to what extent the class c(/) depends on 
the choice of the Ly,^s, once the branch divisor and the covering structure are fixed. 



Theorem 4.6 Same hypotheses and notation as in the statement of Thm. \^.4 - Consider the 
class c{f) G H^{tti{X), K) associated to the central extension given by the fundamental 
groups and denote by i{c{f)) G H'^{tti[X)^G) C H'^(X,G) its image via the map induced in 
cohomology by the inclusion j^ ) K Q G. 

Denote by $ the group homomorphism defined as follows: 



$ : Z'^ ^ G 

[xi,...Xk) 9i ■■■9k 



XI Xk (93) 



and by : H'^{X,'L^) — > H'^{X,G) the map induced by <I> in cohomology. 
Then: 

i{c{f)) = '^4[D,],...[Dk]) (94) 
where [A] denotes the class of a divisor A on X in H'^{X, Z). 
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Corollary 4.7 Same hypotheses and notation as in Thm. \(.4 - Assume moreover that the natural 
morphism, Hom{iTi{X),G) Hom{-Ki{X)^G), induced by the surjection G ^ G, is surjective. 
Then the map i : H'^{iti{X), K) H'^{-ki{X), G) is injective and the class $^<([Di], . . . [Df^]) in 
(94) determines uniquely the class c{f ) G H'^{tti{X), K) of the extension of the fundamen- 
tal groups. 

This happens, in particular, if tti{X) is torsion free or Hom{TTi{X),G) = (e.g., if Tri{X) 
is finite with order coprime to the order of G ), or the sequence O^K^G^G^O splits. 



Proof of Thm.[4.6|. We keep the notation and the results in Step I of the proof of Thm.^4.4 
noticing that the cocycle c{f)r,s,t in ( p7| ) also represents the class i{c{f)) in H'^{X,G). 

We want to write down a cocycle representing the class ^^{[Di], . . . [Dk]) G H'^(X,G) and 
to show that it represents the same cohomology class as the cocycle in (|67|). 

We consider as before the cocycle k-^^rs) representing Ox{—Dj) in the choosen covering Ur of 
X. For every pair of indices r, s with Ur CiUs ^ ^ and for every j = 1, . . . k, we choose a m^-th 
root ^(rs) ^rs) ^ ™ such a way that kp^sr) ~ (^(rs))~^- before, the image of 

the class of —Dj in Z/m-jZ) is represented on [/^ n C/^ n Ut by the cocycle s) {s t) {t r)^ 

j = l,...k. Then the class -^^{[Di], . . . [Dk]) G H'^iX, G) is represented on C/^ n f/g n Ut by: 



and we have shown in the equality ( |80D in the proof of Thm j4.4 Step III, that this cocycle 
represents the same class then c(/)r,s,t in H'^{X,G). ■ 



Remark 4.8 From Thm j4.6| it follows in particular that the class i{c{f)) G H'^{T,G) depends 
only on the class of the -Dj's in H'^{X, Z/m^Z) {j = 1, . . . k), once G and the gj^s are fixed. In 
particular, if Dj is mj-divisible on X (V j = 1, . . . A:), then i{c{f)) = 0. 
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